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OCCURRENCE OF FREE CONVECTION IN A PLANE 

LAYER IN THE PRESENCE OF A CHEMICAL 

TRANSPORT REACTION 

L. V. Sotnichenko and E. A. Shtessel' UDC 536.25 

We cons ide r  the conditions for  the o c c u r r e n c e  of na tura l  convect ion when a volat i le  compound 
is t r anspo r t ed  through a gaseous  phase  as  a resu l t  of a chemica l  reac t ion  with a solid sub- 
s tance ,  We de t e rmine  the va r i a t ion  of the c r i t i ca l  Rayle igh number  for  the p r inc ipa l  level  of 
instabi l i ty  as a function of the p a r a m e t e r s  of the p r o c e s s .  

In an infinite plane hor izonta l  gaseous l ayer  with solid boundar ies  we a r e  given t h e r m a l  boundary condi-  
tions of the f i r s t  kind. On both of the boundaries  there  takes  place a he te rogeneous  r e v e r s i b l e  exo the rmic  
reac t ion  of the type ~AA + ~S S ~ VBB ; A is  the init ial  gas; S, solid m a t e r i a l  of the wall ;  B, gaseous reac t ion  
product ;  VA, vS, VB, s to ich iomet r i c  coeff ic ients .  The mix tu re  of gases  in the l ayer  may  be considered 
b ina ry ,  s ince the reac t ion  takes  place in a he te rogeneous  manner  and the vapor  p r e s s u r e  of the solid m a -  
t e r i a l  is negligibly smal l .  F o r  T1 > T2 (Fig. 1), s ince the reac t ion  is exo the rmic ,  the t he rmodynamic  
equi l ibr ium is shifted in such a way that  the ra te  of  the d i rec t  reac t ion ,  and consequently the gas flow ra te  
A, on sur face  I will be l ess  than on sur face  H. F o r  the reac t ion  product  B the si tuat ion is r e v e r s e d .  The 
d i f ference  in concent ra t ions  gives r i s e  to flows of the components  caused by diffusion and convection. If 
the solid m a t e r i a l  of the su r face  takes  pa r t  in the reac t ion ,  there  will be m a s s  Stefan flow in the sys tem.  
In s ta t ionary  condit ions,  the p r e s ence  of Stefan flow is analogous to blowing into the s y s t e m  at a constant  
velocity.  Fo r  the given condit ions,  there  may  be t h e r m a l  and concentra t ion nonunfformit ies  in density in 
the mix tu re  of gases .  We wr i te  the concentra t ion of the light component  as PA/P = c, and the density of the 

P 
mix tu re  as p -  R---T [~A-k (~tA--~)C], Lt~, ,U;~ being the mo lecu l a r  m a s s e s  of the components .  Following [1], we 

shall  a s s u m e  that  the density of the mix tu re  admi t s  of a l inear  expansion with r e s p e c t  to the ave rage  values  of 
T and c, i . e . ,  p=p0(1--[~T'--~2c '  ), where  T '  and c' a re  the deviat ions f r o m  the ave rage  va lues ;  

; ~'~C !p, T ' 

We wri te  the equations of f r ee  convect ion of the mix tu r e ,  cons ider ing  it i ncompres s ib l e  [11 . I t  should 
be noted that  v = v c + v 0 is the total  hydrodynamic  veloci ty;  Vc is the convect ive veloci ty;  v0 is the Stefan ve loc-  
ity co r respond ing  to the ave r age  densi ty  P0- 

D i s r ega rd ing  t h e r m a l  diffusion and diffusive heat  conduction in the heat  and m a s s  flows and a s su min g  
that  the nonuniformity  in densi ty  is e s sen t i a l  only in the e x p r e s s i o n  for  the lift ing fo rce  (the Bouss inesq  ap -  
p rox imat ion) ,  we obtain a s y s t e m  of equations,  

Inst i tute of Chemica l  P h y s i c s ,  Moscow. T r a n s l a t e d  f r o m  Inzhene rno-F iz i ches ld i  Zhurnal ,  Vol. 38, 
N o . l ,  pp. 99-106, J a n u a r y ,  1980. Original  a r t i c l e  submit ted  F e b r u a r y  12, 1979. 

0022-0841/80/3801- 0069507.50 �9 1980 Plenum Publishing Corpora t ion  ~9 



/ ~  , , / / x x ~  . - / /  ~ x x  / . , 1  \ \ x  / / /  

C=c z 
x x x  1 . , , -  - . ~ x  / / /  x x x / / /  " t ~  

T=T I c- -c  I 

Fig. Scheme of the process. 

Ov 

Ot 

I 
q- (vv)v---- ~ vP-}-vAv+g([hT'-t-~J,zc').y,  

Po 

divv = O, 

dT 
q- v v T  = a v T ,  

Ot 

0c 
0-'/- + vvc  = Dvc, 

0)  

w h e r e  7 is the unit  g rav i t a t iona l  v e c t o r ;  a, t h e r m a l  conduct iv i ty ;  D,  d i f fus ion coeff ic ient .  

L e t  us  c o n s i d e r  the boundary  condi t ions  fo r  s y s t e m  (1). F o r  the ve loc i ty  and t e m p e r a t u r e  z = 0, v = v 0, 
T = TI ;  z = h ,  v = v 0, T = T 2. The boundary  condi t ions  f o r  the c o n c e n t r a t i o n s  can be obta ined in the q u a s i -  
s t a t i o n a r y  a p p r o x i m a t i o n ,  a s s u m i n g  tha t  the r a t e  of  the h e t e r o g e n e o u s  r e a c t i o n  with r e s p e c t  to a given co in -  
ponent  is equal  to the flow of  this  componen t  to  the s u r f a c e  [21. 

The  r a t e  o f  the r e v e r s e  r e a c t i o n  ha s  the f o r m  

d[A] P dc P 
IrA= ~ ~ - -  ~ ' ~ A  

dt RT dt 

w h e r e  

lk*c va - -  k-  (1 - -  c)"Bl, 

P /vA--I 

k - =  A~ \---R-~- } exp - -  ; 

(2) 

+ A o a r e  p r e e x p o n e n t s ;  E+,  E_ a r e  the ac t iva t ion  e n e r g i e s  of  the f o r w a r d  and r e v e r s e  r e a c t i o n s ,  r e s p e c -  A0,  
t lve ly .  

The  to ta l  f low of  componen t  A is 

P D dc P 
i A =  R ~  = dz + v~ --R-r- c' 

- 

w h e r e  ~ = 1 + \ ~ /  c; c is the a v e r a g e  value  of the concen t ra t ion .  

F r o m  (2) and (3) we obtain the bo tmdary  condi t ions :  

z = 0 dct _ vdcdz _ ~  
dz ~ kTtK~2~ o~A--(l--c,)"~] - el, 

z = h ac, _ .~A=h k ~ I K ~ c ; A _ (  l _ c , ) ~ l +  -~-c~. 
dz D 1.) 

(3) 

(4) 

We reduce  Eqs .  (1) and condi t ions  (2)-(4) to d i m e n s i o n l e s s  f o r m ,  mak ing  use  of the v a r i a b l e s  

D z vh _ _ h 2  P, 0 T ~ T z  , c~c_.____~z 
= h 2 t, ~ =  ~--, u----- D ' P =  povD T ~ T 2  ~ =  c l~c= 

70 



-2  -1 fl 1 Z "['9 

Fig. 2. Variat ion of Ra[  as a func-  
tion of log s:  1) corresponds  to the 
case Ti, y2 >> 1 ;2 )  T1, Y2 << 1; 3) ca l -  
culated for  the t r anspor t  react ion 
Ni + 4CO ~- Ni(CO) 4 when To = 102. 

We obtain the sys tem 

with the boundary conditions 

OU 
- -  + ( a v )  u = - -  Pr VP + Pr A u  + (Rat 0 + Ra�~). 7,  

div u = O. 

0_00 + uv 0 = LAO, 
O* 

0__~ + uv~ = A~I 
0, 

(5) 

= 0 ,  u = P e ,  0 = 1 ,  

A, + 
d~ ct - -  c= ci  - -  c2 

~ =  1, u = P e ,  0 = 0 ,  

_ _  { v~ Pe [ ~ l ( c i - - c ~ ) + c 2 ] } .  d~l - -  Az KtP2) [1](Ci--C2) + C2lVA ~ [ I  - - 'q  (Ci--C2)--C2] + Ci--C2 
d~ c~ - -  c2 

(6) 

Here Pr = r iD ,  L = a / D .  F r o m  this point on, we shall assume that for  the gases Pr  = L = I ,  Rat = g~t (Tl- -  T2) x 
h3/D 2, Ra~----g~=(ci--c2)h3/D 2, thermal  Rayleigh number  and its concentrat ion analog; A = VAah=k-/D, rat io 
of the sca les  of the rate of the r eve r se  react ion and the diffusion ra te ;  Pe = v0h/D, Pd'clet number.  

We consider  the conditions for  s ta t ionary equil ibrium of the system.  We obtain the equat ions  

Pev0o-~ h0o, Pev% = h%. 

The effect  of Pe on the initial t empera tu re  and concentrat ion prof i les  was investigated in [3], in which it was 
shown that for  Pe ~.~ 1 the initial profile pract ica l ly  coincides with the linear.  

In [4] an express ion  was obtained for  v 0 in the p resence  of a heterogeneous react ion in s tat ionary condi- 
t ions:  

6D FAIn 1 - -  Vc~ F~vB VB 
vo -- yhcr ~B 1 - -  ?c~ ' where ~ ~--- I ~tAVA ~ ? =  1- - - -VA 

Est imates  indicate that for  typical  t r anspor t  react ions  the value of Pe var ies  between 0.01 and 0.5. T h e r e -  
fore ,  the effect  of the initial Stafan flow on the limit at which convection occurs  may be disregarded.  In this 
case the conditions for  s ta t ionary equil ibrium have the form 

h0o=0 ,  A % = 0 ,  ~ 1 o = 0 o = 1 - - ~ ,  

The conditions for  the initial concentrat ions reduce to the fo rm 

d~o i = - -  I. 
d~ {o.' 

c o - -  c o = A ,  [ K ~  ' )  c~ ' 'A - -  (1 - -  c ~  

o o cl - -  c2 = - -  A= [K(p 2~ c~ va - -  (1 - -  c e) va]. 
i7) 
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Fig.  3. V a r i a t i o n  of  the m a c r o k i n e t i c  
f a c t o r  ~0 as  a funct ion  of  the t e m p e r a -  
t u re  d rop  At = tt - t2: 1) "/0 = 102; 2) 
To = 1; 3) To = 10-2; 4) var iat ion  of the 
t h e r m o d y n a m i c  equ i l i b r ium c o n c e n t r a -  
t ion d rop  Ac-Tas a funct ion of  At. 

H e r e a f t e r  we sha l l  a s s u m e  that  v A = 2,  VB = 1. We in t roduce  s m a l l  p e r t u r b a t i o n s  in equ i l ib r ium and s u b -  
s t i tute  t h e m  into the ini t ia l  equa t ions  (5) and the condi t ions  (6), l i n e a r i z i n g  with r e s p e c t  to the p e r t u r b a t i o n s ;  
we then obtain the equa t ions  f o r  l i n e a r  p e r t u r b a t i o n s :  

au 
= - -  VP + Au + (Rai 0 + Raz Ti) V, 

0* 

div u = 0, 
(8) 

00 + UV0o = A0, 
0T 

0TI + u v ~  = ATI 
Or 

and the boundary  cond i t ions :  

[ = 0 ,  u = O, 0 = 0 ,  dq = Blq,  
dE (9) 

~ 1 ,  u = 0 ,  0 - - 0 ,  d--~ = - - B 2 q ,  
dE 

,,~v(t) .o Az[2K~2) c ~ ll. w h e r e  Bt----Att-~p ~ l + l ] ,  B z =  + 

El imina t i ng  the p r e s s u r e  in (8) and se t t ing  the p e r t u r b a t i o n s  p ropo r t i ona l  to e x p [ - k t  + i(ktx + k~y)] 
f o r  X = 0, we obtain  a b o u n d a r y - v a l u e  p r o b l e m  fo r  neu t r a l  p e r t u r b a t i o n s :  

u Iv - -  2kZu" + k"u = (RatO + Raze) k 2, (1 O) 

0 l l - k 2 0 =  ~ u ,  ~ l I I - -k~  ---- - -  u. 

H e r e  k 2 = ~ + k ~ , w h e r e k  is the wave number .  The  boundary  condi t ions  c o r r e s p o n d  to the condi t ions  (9). 
Sys t em (10) can be so lved  by the B u b n o v - G a l e r k i n  method [5]. The  pe r t u rba t i on  in the ra te  is given in the 
f o r m  u = ~2(1-~)2. As  a r e s u l t ,  we obtain an e x p r e s s i o n  fo r  the Ray le igh  number  of the p r inc ipa l  level  of 

ins tabi l i ty  in the f o r m  

R a , = R a t ~  (el) 

where  1Ra ~ = Lk4/It is the solut ion of the p r o b l e m  fo r  pure ly  t h e r m a l  convect ion  with sol id i s o t h e r m a l  bounda-  

r i e s ,  in which  

L = k 4 + 24k 2 + 504; 1t = A + 1260k (cllt + c2f2); 

(1 - - e h k )  . 
- -  , C 2 = :  - -  G :  l z ~ A + 1 2 6 0 k ( c ~ t + c ~ [ 2 ) ;  c i = - - a  shk 

a = 2k-4 + 24k-n; b =  12k-~; [l = ( 1 2  + L a ) ( e h k - - l )  - 6 k s h k ;  

[2 = (12 + k2)sh k -  6k (ch k - -  1~; 

c~ = [(aBt + b) (k sh k + B2 ch k) - -  Bi (aB2 + b)l z-J; 
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Fig. 4. Limits  of the var ia t ion 
of s as a function of ~ t :  1) )'0 = 
102; 2) To = 1; 3).~To = 10-2; 4) 
~/o "* oo (Ac o = AC0). 

c~ = - -  [(aBi -t- b) (k ch k -t- B, sh k) 4= k (aBz -I- b)l z-'-; 

z = k (Bt -l- B~) ch_k q- (k ~ --k BiBs) sh k. 

The dimensionless  complex s r ep resen t s  the ratio of the concentration Rayleigh number  to the thermal  

Rayleigh number :  s = 62 Ac ~ The minimum of the express ion  (11) with respec t  to the wave number k 
[~i AT 

yields the minimum cr i t ical  number  Ra~, which depends on the dimensionless  pa rame te r s  s,  BI, and B2. TO 
analyze this re la t ion,  we determine the initial concentrat ion drop Ac ~ f rom conditions (7). The solution of 
sys tem (7) is ca r r i ed  out by means of a l inear expansion in a T a y l o r ' s  ser ies  with respec t  to the thermodyna-  
mic  equil ibrium value of the concentrat ions c o and c o . 

As is known, 

Kp = ~ = exp - - - -  + 
R T  

where ~H ~ is the variat ion in enthalpy or the thermal  effect of the reaction;  ~S ~ is the variat ion in entropy as 
a resul t  of the reaction.  Hence 

c = 1/1 -t- 4 g v  - -  1 
2Kp 

The concentrat ion drop has the form 

Ac ~ = ~Ac-~, 
(12) 

w h e r e A c ~ 1 7 6 1 7 6  is the equil ibrium concentrat ion drop;  ( p = ( l +  1 -~ -+ -~y2  )-1 2y, is a fac tor  determining the 

macrokinet ic  regions in which the process  takes place;  y = Ave" + 4Kp is a dimensionless  p a r a m e t e r  c h a r a c -  
ter iz ing the rat ios of the scales  of the rate of a revers ib le  react ion to the diffusion rate.  It should be noted 
that the pa r ame te r s  ), and B, f rom the boundary conditions (9), a re  pract ica l ly  equal for  all values of Kp, and 
therefore  the boundary conditions for the per turbat ions in concentrat ion can be wri t ten in the form 

dql  d~l : (13) 

We introduce the dimensionless  t empera tu re  t=  I AH~ Rr~ ( 7 - -  7"0) [2], 

the t empera tu re  at which Kp = 1. Express ing  T in t e r m s  of t ,  we obtain 

Kp(t)  = e x p [ - - t ( l  + [~J t)=i], Y = Vof(t), 

where T O = AH~ ~ is the value of 
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where 

D exp - -  , 

f (t) == ] / I +  4Kp (t) exp E_ t ) . 
AH o 1 +[ l~] t  ' 

R 
AS o 

( /-' The p a r a m e t e r  s ---- d Ac~ , where d ---- ~8 ~0 . We consider  the l imits  of var ia t ion of s. 

In the l imit ing case T1, 72 7> 1 the boundary conditions (13) become conditions of the f i r s t  kind. The concent ra-  
tion drop is equal to the thermodynamic  equil ibrium concentration drop,  and the_~process takes place in the 
diffusion region. The maximum value of s is found f rom the conditions Ac ~ = Ac ~ - 1, ~ t  = At . .  The quantity 
At ,  means the t empera tu re  width of the zone of revers ib i l i ty  of the react ion and is determined by the t empera -  
ture  dependence of the equil ibrium constant.  This quantity may be calculated f rom the condition At, = ~-1, 

where ~ = T d ~  j~=0 F r o m  the es t imates  for  typical  t r anspor t  reac t ions ,  Smax - 20. For  71, 72 << 1 the 

boundary conditions {13) cor respond to the absence of a concentrat ion flow (the analog of thermal  adiabatic 
conditions). The p r o c e s s  takes place in the kinetic region, Ac ~ <<A~. For  any At, d, ~ !, the value of s <<1. 
It should be noted that fo r  smal l  values of At, fo r  all  react ions,  s << 1, and in the limit as At ~ 0, As ~ 0. 

Figure  2 shows the var ia t ion of Ra~ as a function of the pa r ame te r s  s ,  ]'t, and ]'2- The number Ra~ 
dec reases  sharply as s i nc reases ,  and this ref lec ts  the relat ive contribution of the concentrat ion convec-  
tion. With dec reas ing  1'1, ]'2, the values of which de termine  the cha rac t e r  of the boundary conditions, Rat  
a lso  d e c r e a s e s ,  a fact  which was noted for purely thermal  convection and boundary conditions of the third 
kind [5]. 

Thus ,  taking account of the heterogeneous revers ib le  exothermic  react ion leads to a considerable de-  
c rease  {as much as 95%)in the threshold of convective instability and a widening of the boundaries of the in-  
fluence of the concentrat ion convection. 

As an example,  let us consider  the specific t r anspor t  react ion Ni + 4CO ~ Ni(CO)4. Corresponding to 
this react ion we have the kinetic equation (2) when v A = 2, v B = 1, IAH~ = 40 kcal- mole - i ;  ]AS ~ I = 100 Cal- 
mole -1 -deg-1;  E_ = 52 kcal �9 mole -1 [6, 7]. The quantity 7o can va ry  within wide l imits  essent ial ly  as a resul t  
of the quantity Ao, which cha rac t e r i ze s  react iv i ty  of the surface,  andthe sys tem dimension h. The interval of 
var ia t ion is ]'0 = 10-2-102- 

Figure  3 shows the var ia t ion of ~ and Ac  ~ (4) as functions of the t empera tu re  drop At = h - t 2 .  The value 
of tl was fixed at h = +5, and t2 var ied  f rom -10 to +5. 

As can be seen f rom Fig. 2, when 70 << 1, the p roce s s  takes place only in the kinetic region. As 7o in- 
c r ea se s ,  there  is a shift in the diffusion region with respec t  to At,  and the l a rge r  the value of 70, the sooner  
this shift occurs .  The t empera tu re  width of the zone of revers ib i l i ty  is At,  -~ 10 (Ac -~ ~ 1). The l imits of 
var ia t ion of s with At for  the indicated cases  with respec t  to 70 are  shown in Fig. 4. 

If the p roces s  takes place in the kinetic region,  i . e . ,  ]'0 << 1, and even for small  values of At, the quantity 
s << 1, which cor responds  to the upper segment  of curve 2 in Fig. 2. If the p rocess  can take place both in the 
kinetic region and in the diffusion region 0% 7> 1), then the var ia t ion of Ral* as a function of s takes the 
form of curve  3 in Fig. 2. 

Thus,  we have obtained an express ion  for the cr i t ica l  Rayleigh number  of the principal  level of in- 
stability as a function of the dimensionless  p a r a m e t e r s  of the p rocess  s,  71, ]'2- The pa rame te r  s descr ibes  
the relat ive contribution of the concentrat ion convection to the picture of the general  instability of the mixture ,  
while 71 and ]'2 ref lec t  the nature of the boundary conditions with respec t  to concentration. As s i nc reases ,  
the conditions for  the occur rence  of convection become much less severe.  The cr i t ical  value of Ra~ can be 
reduced by 90-95% if the p rocess  takes place in the diffusion region and the tempera ture  drop is equal to the 
thermodynamical ly  optimal drop At,  at which the concentrat ion drop is maximum (Ac ~ = A~ ~ = 1). 

A decrease  in Y1 and ]'2 a lso brings a decrease  of 10-20% in Ra~. However,  for  smal l  values of ]'t and 
72 the p roces s  can take place only in the kinetic region,  the value of s << 1, and therefore  the total dec rease  in 
Ra~ is small .  For  a specif ic  t r anspor t  react ion we have shown the regions in which the p rocess  takes place,  
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the l imi t s  of va r i a t ion  of the p a r a m e t e r  s fo r  d i f ferent  values  of ~/1 and Y2, and a l so  the var ia t ion  of Ra~ as a 
function of these  p a r a m e t e r s .  
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M O T I O N  O F  G A S  B U B B L E S  IN 

O F  S T A T I O N A R Y  L I Q U I D  IN A 

G R A V I T A T I O N A L  F I E L D  

V. N. K u c h k i n  

AN I N F I N I T E  V O L U M E  

UDC 541.24:532.5 

The r e s i s t i ng  f o r c e s ,  ve loc i t i e s ,  and shape p a r a m e t e r s  of gas  bubbles r i s ing  in an infinite 
v o l u m e  of liquid a r e  found analyt ical ly .  

The laws of motion of gas bubbles re la t ive  to  a liquid a r e  fundamental  for  the cons t ruc t ion  of a theory  of 
two-phase  media  [1]. Ord inar i ly  in the theore t i ca l  descr ip t ion  of the laws of mot ion of bubbles in a liquid it is 
a s s u m e d  that  the bubbles a r e  sphe re s  of radius  a and that  the i r  motion in the liquid is potent ial  and sa t i s f i e s  
the boundary-va lue  p r o b l e m  [2] 

h~----0; u = g r a d ~ ;  u~----0 at r=a; u - + U  as r ~ c ~ .  (1) 

The solution of p rob lem (1) d e t e r m i n e s  the behav io r  of the no rma l  u r and tangential  u 0 veloci ty  co mp o -  
nents in the neighborhood of a bubble:  

1 

and the p r e s s u r e  dis t r ibut ion on the su r face  of a bubble is desc r ibed  by Bernou l l i ' s  equation 

0__ [u~lr=. + p. = eonst. (3) 
2 

Equations (2) and (3) a re  solved for  gas bubbles sa t i s fy ing  the p r e s s u r e  balance condition 

2~ 
P0 = Pb- -  - -  R (4) 

I t  follows f r o m  the condition of s ta t ic  equ i l ib r ium (4) that  the bubbles can be spher i ca l  e i ther  if they are  
ve ry  sma l l ,  when the second t e r m  is l a rge ,  or  a re  s ta t ionary  with r e s p e c t  to the liquid. In other  cases  the 
nonunfformity of the p r e s s u r e  d is t r ibut ion over  the sur face  of a bubble desc r ibed  by Eqs.  (2) and (3) mus t  lead 
to its de fo rmat ion  into an e l l ipsoid  f la t tened in the d i rec t ion  of mot ion [2], and to an i nc r ea se  in the a r ea  of the 
in te r face  and consequently to an inc rease  in the d iss ipa t ive  fo r ce s  as the bubble moves  through a v i s c o u s  
liquid. 

Thus ,  to find the laws of motion of a gas bubble it is n e c e s s a r y  to solve the p r o b l e m  of the flow of an 
e l l ipsoidal  bubble and the ef fec t  of its ve loc i ty  with r e s p e c t  to the liquid on i ts  shape.  

T r a n s l a t e d  f r o m  Inzhene rno -F iz i chesk i i  Zhurna l ,  Vol. 38, No. 1, pp. 107-111, J anua ry ,  1980. Original  
a r t i c l e  submit ted  J anua ry  22, 1979. 

0022-0841/80/3801- 0075507.50 �9 1980 Plenum Publishing Corpora t ion  75 


